Abstract. We present Runge-Kutta methods of high accuracy for stochastic differential equations with constant diffusion coefficients. We analyze L2 convergence of these methods and present convergence proofs. For scalar equations a second-order method is derived, and for systems a method of order one-and-one-half is derived. We further consider a variance reduction technique based on Hermite expansions for evaluating expectations of functions of sample solutions. Numerical examples in two dimensions are presented.
1. Introduction. Recently, the numerical solution of stochastic differential equations has attracted the attention of researchers in many fields, both in probability theory and in its applications. Most of the methods that have been developed are of Taylor series type, in which one needs to evaluate derivatives, and thus has difficulties in applications to practical problems. Therefore, we are especially interested in methods of Runge-Kutta type, i.e., one-step methods which require no approximation to the derivatives of the functions involved. In this paper we consider the ¿/-dimensional stochastic differential equation
(1-1) dX = f(X) dt + vdVt,, 0 < / < T, where v > 0 is a constant, f = f(x) is a sufficiently smooth function satisfying a Lipschitz condition in x, and W, (t > 0) is a ¿-dimensional Wiener process (Brownian motion). This equation can be interpreted either in the sense of Ito or in that of Stratonovich [1] . Our results extend readily to the case where f depends also on the time by introducing t as an additional dependent variable and imagining that the associated component of the Wiener process is zero.
Equation (1-1) occurs in the study of several physical phenomena, e.g., in the motion of a particle in the collision theory of chemical reactions [2] , in blood clotting [11] , in stellar dynamics [3] , signal modeling in communication systems [14] , and the stochastic behavior of fluid particles in turbulence theory [8] .
We develop and analyze high-accuracy methods of constructing sample solutions of (1-1), and we further consider a variance reduction technique for evaluating expectations of functions of these sample solutions. Consider the partition of the interval [0, T] given by n = (o = /0,...,/", t"+1 = t" + h.tN=T).
Let E denote expectation and || • || the two-norm in Rd space. We say that a random variable Z is of order p in the L sense if there is a constant C such that (E\\Z\\")1/CI ^ Ch<> for all sufficiently small h > 0, and that a numerical scheme has order p in the L sense if X'"* -X(r") is of order p in the L sense, where X(n) and X(f") are, respectively, the numerical and the exact solution of the stochastic differential equation at time t". In the present paper we adopt an L2-norm analysis because it can best exhibit the nonanticipating property [1] of the solutions of stochastic differential equations. Our main results are a second-order scheme for scalar equations, and a scheme of order one-and-one-half for systems, Q(«)=X('"-rUf(X(")), (S) Q*(") = X(n) + i/if(X(")) + i^ß,
X(«+i) = x<"> + i;AW(B) + ^[f(Q(B)) + 2 • f(Q*(n))] •
Here, AW""» = W, +i -Wv and 6 are ß are defined in (3-4) and (5-3) as integrals of increments of the Wiener process over the n th subinterval. Scheme (T) does not give second-order accuracy when applied to systems [4] . The precise statements of the conditions under which these orders of convergence are proved are contained in Theorem 1 of Section 3 and Theorem 3 of Section 5, respectively. Our analysis is based on Taylor expansion of the solution, followed by derivation of an approximation formula whose Taylor expansion coincides to some order with that of the solution. This is similar to the method used by Chorin [6] in the approximation of Wiener integrals.
In practice, a stochastic scheme with high accuracy would still be less competitive without a substantial reduction of statistical errors in evaluating expectations of functions of sample solutions. We discuss, in Section 6, a variance reduction technique, suggested by Chorin [5] , based on Hermite polynomial expansions, and its application to stochastic differential equations. To effect the reduction, we make use of the nonanticipating property of the solutions and apply Chorin's technique to the successive differences of the functions concerned at each time step. In Section 7 we give two two-dimensional numerical examples.
The difficulty in solving the stochastic differential equation (1-1) accurately arises from the nondifferentiability of the Wiener process W,. To take a closer look at this difficulty, we define the variable Y(f) = X(t) -p%, 0</<7\ Equation (1-1) then reduces to an infinite set of ordinary differential equations,
(1-2) ^p-ffY + rW,), 0</<7\
for almost every path of the Wiener process W,. The theory of ordinary differential equations assures the existence of the solutions Y(i) of these equations, which are only once differentiable as functions of t. However, since the error estimates of high-order accuracy methods involve high-order derivatives of \(t), it is not clear how one is able to obtain methods with high-order accuracy for solving (1-2) or
(1-1).
Historically, let us recall some numerical methods for solving the stochastic differential equation (1-1) . The most commonly used methods are splitting schemes (see Chorin [7] , [8] , Franklin [12] ). For these schemes, at each time step one approximates for each sample path of the Wiener process the differential equation
by a method for solving ordinary differential equations, and then one adds to the approximate solution an independent increment of the Wiener process »>W,. The simplest example of a splitting scheme is Euler's method which is given by (E) X("+1) = X(") + /!i(X(")) + »'AW('').
Another example of a splitting scheme, based on the mid-point rule, is
(1-4) X<"+1) = X(n) + hf(X{"] + Uf(X(n))) + pAW<b).
These splitting schemes are only first-order accurate in the L2 sense, no matter how accurately one solves the nonrandom part (1-3). This will be clear from the analysis for the scheme (1-4) in Section 2. To obtain more accurate numerical schemes, McShane [16] has extended the idea of Runge-Kutta methods for ordinary differential equations to stochastic differential equations. For (1-1), he proposed (see also Fahrmeir [10] ) q(») = x(n) + hf(Xin)) + j>AW<">,
However, this scheme has the same order of accuracy as the splitting scheme mentioned above. In fact, based on a one-step error analysis, Riimelin [23] has shown that, if at each time step only the information AW''0 is used, then for a wide class of Runge-Kutta methods one can have at best a first-order accuracy. In this paper we do not discuss the Taylor series method, referring instead to Rao et al. [22] , Mil'shtein [18], [19] , Platen [20] and Platen and Wagner [21] for its development. In most of these references, the authors work on general Ito stochastic differential equations. In principle, by using an analysis paralleling that of Section 2, we can derive methods of Taylor series type with arbitrary order of accuracy for Eq. (1-1). The paper is organized as follows. In Section 2 we analyze a splitting scheme based on the mid-point rule. In Section 3 we derive the second-order Runge-Kutta method (T); and in Section 4 we prove its convergence. In Section 5 we prove the convergence of the method (S). Section 6 is devoted to the study of variance reduction. Finally, we present numerical examples in Section 7.
2. Analysis of a Splitting Scheme Based on the Mid-Point Rule. For v = 0, the scheme (1-4) is the Runge-Kutta method based on the mid-point rule for the equation (1-1) with v = 0; it has second-order accuracy (see Gear [13] ). However, in this section, we show that if v ¥= 0, the scheme (1-4) is not second-order in the L sense for any p ^ 2 for the stochastic differential equation (1-1). Without loss of generality, we may assume that v = 1 and consider the stochastic differential equation
and the splitting scheme (2-2) X<"+1) = X<"> + MV{n) + hf(X<n) + \hf(X{n))).
In analogy with the analysis for ordinary differential equations, we analyze the local truncation error Dn of the above scheme, which is defined by the equation (2-3) X(tn + 1) = X(t") + AH/<"> + */(*(*") + hhf(X(tn))) -D".
For simplicity, we denote by bWt the increment W, -Wt, and we further define, for each subinterval [tn, tn + l], the random variable
We note that 7(0 is defined only for r" < t < tn + h and that
Substituting the definition in (2-4) into (2-1) and (2-3), we obtain (2-6) ^ =f(Y + l\W,), t"<t< tH+1 = t" + h, and in view of (2-5),
For convenience of analysis we rewrite -Dn in integral form. Integrating Eq. (2-6) from tn to tn + h and substituting into (2-7), we obtain
With Dn in this form, further analysis can be made because of the differentiability of the function /. In the subsequent discussion, we will analyze Dn in the L2 sense, for the reason stated in the introduction. For this, we make the following assumption:
(2-9) ~ñ~¿f(x) are bounded' 0 < P-< 5.
As indicated in [23] , this boundedness assumption is not a serious restriction, since actual computation requires weaker conditions on /. In the following, 0(hp) will be employed to denote a stochastic quantity of order p in the L2 sense. In this connection, we can easily see that (i) (AWS)P is O(h0Sp), and (ii) (Y(s) -Y(tn))p is 0(hp); indeed,
This suggests that we write the first integrand in (2) (3) (4) (5) (6) (7) (8) 
Expanding the right-hand side in a Taylor series about Y(tn), and taking into consideration (i) and (ii), we obtain
We further expand the second integrand in (2-8) in a Taylor series about Y(tn) and obtain
Substituting (2-10) and (2-11) into Dn of (2-8), we can, after some cancellation, write Dn in increasing powers of AWS:
or, in view of (2-5),
where we keep in -Dn only the two terms of the expansion (2-11) of leading order in AW¡, and group all the other terms in the remainder
We now want to show that the remainder -Rn is 0(h25). Recalling (i) and (ii), we can see that the second and third terms in the right-hand side of (2-13) are 0(h25). That the first term is 0(h25) follows from the following calculations:
With this expression, (2-5) and (ii), -R" can be written in terms of increments of Wt:
-Rn=fx1{X(t"))j,"+h f AWrdrds '" '" (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) +f(X(tn))LAX(t"))fi'" + " (s -t")AWsds + Uxxx(X(tJ)f'" + hAW/ds + 0(h^.
For the sake of brevity, we introduce the random variables y, 8 and t by h25y = f'"+h (s -tn)AWsds, h2i8 = f'" + h f AWrdrds, (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) h25T= / AW/ds, ',, suppressing time-dependence for convenience. From these definitions it is clear that the variables y,8, t are all of order zero in the L2 sense. Then the expression (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) can be abbreviated as (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) -Rn = h2i{f28+ffxxy + lfxxxr) + 0(h3),
where all the functions are evaluated at X(tn). Thus, together with (2-12), we see that D2 is 0(h3), and therefore (2-2) is at best of order 1 in the L2 sense, and hence in the L sense for p > 2, by Liapunov's inequality [9] . Indeed, Scheme (2-2) is a first-order method, as can be shown [4] . The expressions of -Dn in (2-12) and -Rn in in (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) are illuminating in the sense that, for each term therein, the integral part (of increments of Wt) is independent of the preceding product of functions evaluated at X(tn). This is a consequence of the nonanticipating property of the solutions of stochastic differential equations [1].
Remark. In the above discussion we often encountered expressions of half-integral order, due to the appearance of AWS to an odd power. Recalling the nonanticipating property of the solutions of stochastic differential equations, we conclude that the expectations of the leading terms in these expressions vanish. We will use this fact repeatedly in the later development.
3. A Second-Order Runge-Kutta Method. We remarked in the introduction that a splitting scheme can at best have first-order accuracy in the L2 sense. However, in this section we will show that by interlacing the function / and the Wiener process, it is possible to get Runge-Kutta methods of higher accuracy. As a preliminary step, the analysis of the splitting scheme (2-2) with the local truncation error Dn in (2-12) suggests that we consider the following Taylor series method:
The local truncation error of the scheme is given by Rn in (2-16), i.e., the exact solution X = X(t) of Eq. (2-1) satisfies X(t" + l) = X(tn) + AW^ + hf(Q(tn)) (3"2) +/.WO) r" Wsds + \fxx(X(tn))f" + h AW/ds -R,"
where we define
Since Rn is of order 2.5 in the L2, and thus in the Lx sense, we would expect that Scheme (3-1) has order 1.5 in the L, sense due to the accumulation of the local truncation errors. However, an L2 analysis shows that the scheme considered is in fact a second-order method. Nevertheless, our analysis will not be made directly on the scheme (3-1). This scheme is an intermediate step which leads to a more satisfactory method of Runge-Kutta type. Before we go further, let us define, for the sake of brevity, random variables ß and 0 by (3) (4) hlsß= AWsds, h26= AW/ds,
where, again, the time-dependence is suppressed. Clearly, ß and 6 are all of order zero in the L2 sense, and (3-1) can be rewritten as
which has a more convenient form to develop into a Runge-Kutta method. First, we add a term involving ß to Q(,,) so that the first derivative term in X("+1) will appear implicitly. Observe that hf(Q{n) + Jhß) = r¡/(Q<M)) + h15ßfx(X(n)) + \h2ß2fxx(X(n)) + 0(h25), which leads us to consider the following scheme:
Its local truncation error Vn is defined by (3-7) X(tm+1) = X(t") + AW^ + hf{Q'(t")) + \h2{0 -ß2)fxx(X(t")) -Vn, where (3-8) Q'(t") = Q(t") + Jhß = X(tn) + W(X(t")) + 4hß.
Here we have been careful to make the local truncation error Vn of Scheme (3) (4) (5) (6) have the same order (in the L2 sense) as Rn of Scheme (3-1) (or (3) (4) (5) ). This can be seen by analyzing Vn further. As a starting point for seeing that V" and R " are of the same order, we carry out the Taylor expansion:
Recall the definition of Q(t") in . Each term on the right-hand side of the above equation is then expanded in a Taylor series about X(tn), and this gives hf(Q'(t")) = hf(Q(t")) + h1WÂX(tn)) (3) (4) (5) (6) (7) (8) (9) (10) +ky'ßf{X(tn))fxx{X(tn)) + \h2ß2fxx{X(tn)) + \h2Wfx(X(tn))A-0(tf).
Substituting this result into (3-7), we obtain, after some cancellations, X(tn+l) = X(t") + AW^ + hf{Q(t")) (3n) +hlißfx{x(tn)) + hh2efxx{x(tn)) + ±h25ßf(X(t"))fxx(X(t")) + lh2-5ß'fxxx(X(t"))-V" + 0(hi).
Recalling the definitions of ß and 6 in (3-4) and comparing this expression with (3-2), we can relate Vn and R n by the equation
where all the functions are evaluated at X(tn). Since Rn is of order 2.5 in the L2 sense, so is Vn. However, it is still not clear how one is able to derive a Runge-Kutta method from the scheme (3-6), because it contains a second derivative of / with a coefficient containing 6 -ß2. Fortunately, the Cauchy-Schwarz inequality yields the interesting relationship (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) lf'"+h AWsds\ <hf'"+h AWs2ds, which implies that 6 -ß2 is nonnegative. Following this observation, (3-6) suggests the following Runge-Kutta method:
with ß and 6 defined in (3) (4) . This scheme is obtained by a symmetry consideration so that we need to evaluate only one intermediate value, i.e., Q'{n) at each time step. We now state the main result of this section.
Theorem 1. Let f be a smooth function satisfying the condition stated in (2-9). Then the above scheme is second-order in the L2 sense, provided that the initial condition is imposed with second-order accuracy in the L2 sense.
Note that, in Scheme (3-14), if we replace ß by vß, 6 by v20 and P(n) by pP<">, then we obtain the corresponding scheme (T) for solving Eq. (1-1). As v tends to zero, this scheme reduces to the ordinary mid-point Runge-Kutta method, as we would expect. Before we prove Theorem 1, we will analyze the local truncation error Tn of Scheme (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) , which is defined by the equation We start by considering the Taylor expansions f{QV") ± ïï?(n)) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) =f(Q'(ti,))±JhP(")fx(QVi,))
Recall the definition of Q'(tn). Further manipulation yields \h[f{Q'(tn) + v^P*"') +f{Q'(t") -^P("')] = */(ß'(0) + hh2{PwffxÁX{tn)) + \h2iß(^)2fxxx{X(tn)) + 0(h3).
Substituting the above result into (3-15), with P(n) defined in (3-14) , we obtain X(tn + l) = X(tn) + AW^ + hf{Q'(tn)) + \h2(e -ß2)fxx(x(tn)) + \h™ß{^)2fxxx{x{t")) -Tn+ o(h>).
By comparing this expression with (3-7) we can relate Tn and Vn by the equation (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) -V" = -T" + 2h25(8 -ß2)fxxx + 0(h3).
As before, fxxx is evaluated at X(tn). Now we are ready to write down explicitly the local truncation error Tn of Scheme (3-14), since we have the relationship (3-12) between Rn and V" and the relationship (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) between Vn and T". The result is To make an L2-norm analysis, we square both sides of (4-3) to get (4-4) e2n + x = e2n + he"vn + \h2v2" + 2eJn + hvj" + T2.
We now estimate the expectations of each term on the right-hand side of the above Therefore, the second term on the right-hand side of (4-4) can be estimated as (4-5) \E(henv")\^ hE\e"vn\^ hE{\en\ k,+ + »",-I) < 2AL(l + 2hL)E{e2).
The estimation of the third term is similar, and we have (4-6) E{\h2v2) < \h2E{v2) < h2L2{\ + \hL)2E(e2n).
Next comes the fourth term, where we need to take into account Tn given in (3-18), thus T"':
(4-7) \E(2enT")\=2h'\E{eX)\^ZihLE{e2n) + e^h^T,;2), where we employ the inequality 2ab ^ a2 + b2 with a = (elhL)1/2en and b = (£1/jL)~1/2/z27,"', and e{ is an appropriate positive number. A similar trick can also be applied to the fifth term and yields
where, again, e2 is an appropriate positive number. In this estimation we use the obvious fact that T2 is 0(h5); actually one can show [4] (4-9) E{Tf2) < E{G2)h5 + 0(hb),
" 40' Jxx 20 Jx 30340Jxxx'
Finally we reach the stage of estimating the whole equation . By taking expectations on both sides of (4-4) and collecting the results from (4-5)-(4-9), we obtain (4-10) E(e2+l) < B(h)E(e2) +\e{G2) + U^E (r"'2)] A5 + 0(h6), where B(h) = 1 +(2 + £l + e2)hL+(2 + e2/2)h2L2 +(l + ie2)/t3L3 + \h4L4.
To have a common bound for all time steps, for fixed h0 < 1, we define A = maxllhiih{iE(G2) and B = max,lh<hoE(Tn'2), and set M = A + {e^L^B. Then the inequality (4-10) becomes
where we choose e = ex + e2 so that B(h) < e(2+*)A£ This is a recursive relation that we often encounter in the theory of numerical solution of ordinary differential equations. An elementary calculation shows (4-11) E{e2) < eQ^T£)LMkA + ei2+e)'"LE(eo) + °^5)-
The right-hand side of this inequality is of order 4, provided that the initial condition is properly imposed. Suppose that E(e^) < C0h4, where C0 is a constant. Substituting this into the above equation and taking square roots, we complete the proof with [E(e2)]1/2 < Ch2, where 1/2 C= sup ( ," M w (e(2+*TL -1) + C0g(2+erL) + 0(h)) . D /,</I"l(2 + e)L j
Remark. There are two reasons for introducing the two positive numbers el and e2: to keep track of the "interaction" between Tn and en (see (4-7)) or v" (see (4) (5) (6) (7) (8) ), and to balance the error contributions from the initial error and local truncation errors (see (4) (5) (6) (7) (8) (9) (10) (11) ) in the hope that the constant C can be minimized with suitable choice of e, though we have not done so.
5. Runge-Kutta Methods of Order One-and-One-Half (Scalar & System). There are two main difficulties with Scheme (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) : the first is that we do not have an efficient way to sample systematically the Gaussian variables ß, AW(n) and the non-Gaussian random variable 6 (see [15] ), and the second is that it will not be a second-order method when applied to a system.
To sample only Gaussian random variables, one must be content with schemes with less accuracy. In this section we provide such schemes, of order 1.5 in the L2 sense. The main advantage with the schemes is that they will maintain the order of accuracy when extended to a system of stochastic differential equations. We consider the scheme (S) and prove the following theorem. Theorem 2. Suppose that f has bounded partial derivatives up to fifth order. The scheme (S) is of order one-and-one-half in the L2 sense, provided that the initial condition is imposed with accuracy of order one-and-one-half.
Proof. First, we consider the scalar case. There is no substantial difference between this proof and that of Theorem 1. We need only to check whether the technique used in the latter can be applied to this case. The key point is to examine the local truncation error of Scheme (S) for the scalar case, which is defined by the equation ( 
5-1) X(tn+l) = X(t") + AW^ + hh\f{Q(t")) + 2 -/(ß*(Ü)] -T*,
where we define ß*(ü = x(t") + W(x(t")) + li/hß.
To make an error analysis, we carry out the following Taylor expansion: hf{Q*(tn)) = hf{Q(t") + lilhß) = hf(Q(tn)) + \h^ßfx{X(t")) + ¡h2ß2fxx(X(t")) + 0(h2i) = hf{Q(tn)) + ifx(X(tn))j'" + h AWsds + ¡h2ß2fxx(X(t")) + 0(h2i).
Replacing f(Q*(t")) in (5-1) by the above expression, we obtain X(tn+1) = X(tn) + AW^ + hf(Q(tn)) +fx(X(t"))f^h AWsds + \h2ß2fxx{X(tn)) -T* + 0(h2¡).
Comparing the above expression with (3-2) and recalling the definition of 6 and that RI: is of order 2.5, we arrive at Tn* = kh2Ux(tn)){e-\ß2) + o(h2i).
One major fact about T* is that its expectation is of order 3. The reason is that (i) the expectations of those terms of 2.5 are zero, and (ii) E[(ß2)] = \ and E(6) = \, which make the leading terms in T* cancel each other after taking expectations.
With this fact in mind, the rest of the proof proceeds exactly as in the proof of Theorem 1. Note that (T*)2 is of order 4. The result is E{e") < èô ■ e(2(ÍTe)~L ^ + e(2+e)TL£(eo) + °^> where D2 = max,, h^h E[fxx(X(tn))], and e > 0 is defined in a similar way as in Theorem 1. D System Case. Via an elaboration, one can show that for the system case the corresponding local truncation error for the scheme (S), in component form, is (5-2) T,r = \h2f!jk(X(t")){0Jk -\ßJßk) + 0(h25),
where a subscript with a comma denotes differentiation, the summation convention is assumed, and the random variables ß = {ßJ} and 6jk are defined as follows, (5-3) hl5ßJ= f'"+h AWJds, h26jk = l'" + h AW/AWskds, in analogy with the definitions of ß and 0 in (3) (4) . Since the components of a Wiener process are independent, E(T*') is of order 3, due to the nonanticipating property. This is the key to the proof of Theorem 2 for both scalar equations and systems. Some work shows that the error is bounded by (see [4] )
where D2 = max"Ä^ h E[T.¡ j k(ffjk(X(t")))2]. This completes the proof of Theorem 2. D From the expression (5-4) we see that, if the initial error is sufficiently small, then for h ~ 0.01, Scheme (S) is practically of order 2 in the L2 sense. We conclude this section by indicating that the general idea in designing a scheme of order one-andone-half, like Scheme (S), is to consider the family q(«) = X<">+ |M(X(n)) + rWA ß, However, as follows from the proof of Theorem 2 (or 1), we may wish to minimize the contribution of the local truncation error T*'. One way to achieve this is to choose the parameters so that the expectations of the leading terms of T* are zero (e.g., in (5-2) ). This leads to (5-7) a-k2 + b-l2= I
The case corresponding to Scheme (S) is a = \, b = f, k = 0, / = §, which is clearly a solution of Eqs. (5-6) and (5-7), but this choice is not essential.
6. Variance Reduction Using Hermite Polynomials. In this section we consider a variance-reduction technique for evaluating expectations of functions of solutions of stochastic differential equations. Intrinsically, the numerical evaluation of expectations involves a sampling process, i.e., Monte-Carlo computation. Being a finite process, Monte-Carlo computation creates statistical errors due to imperfect sampling. The errors depend heavily on how one choose the estimators.
Our goal is thus to construct estimators with a small variance. We start by considering Chorin's variance reduction technique for evaluating functionals of Gaussian random variables. This technique exploits specific properties of the Hermite polynomials. Then we show how to implement Chorin's technique for functions of solutions of stochastic differential equations. The standard deviation of this estimator, which yields the order of magnitude of the error, is
which is proportional to N~l/2, thus may not be acceptable for reasonable size N. Hence, an estimator of £[g(ij)] with smaller standard deviation is needed to achieve more accuracy in Monte-Carlo computation. Chorin [5] proposed a method to obtain an estimator for obtaining E[g(£)] with a substantial reduction in standard deviation. The idea is to use a finite Hermite series for the goal function g to design an estimator of control variate type for £[g(£)].
The set of Hermite polynomials
form a family of orthonormal functions in the space L2(R) of square integrable functions defined on R with respect to the weight e'z~/2/ ]¡2tt . That is, (2t,)-1/2/ H"(z)Hm(z)e-^2dz = 8nm.
In general, let m = (ml,...,md) with mJ nonnegative integers, and set |m| = ml + ■ • ■ +md. We define the product polynomials Hm = H(ml.m» = //",(«') ■■■ Hm"(ud).
Then the family of functions
forms a complete orthonormal set in the space L2(Rd) of all square integrable functions defined on Rd with respect to the weight (27r)"'y/2e"ll"ll"/2. For a more detailed analysis of the family of Hermite polynomials Hm, see Chorin [8] , Maltz and Hitzl [17] . Assuming that the function g(u)e-l|u" /2 is square integrable, we can expand it in terms of the orthonormal functions in (6-2): for any set of numbers ( bm} and p. In actual computation, we will take {bm} to be {am}. The success of Chorin's variance reduction lies in the fact that this identity does not imply that the Monte-Carlo estimators on both sides will have the same standard deviations. Chorin's idea is to make a first sampling to determine the coefficients bm in (6-4) according to the formula (6-3), then a second sampling to simulate the Gaussian variables that appear in the argument of g and the polynomials Hm = Hm\ m,i on the right-hand side of . Specifically, we have a*m = 1 £ {Hm(ij)g(kj)) y-i and (6-6) *S + ¿E{*(i)-E a*mHmm),
where £■ = {£!} and £■ = {|j} are two sets of independent samples drawn from the Gaussian distribution with mean 0 and variance 1. The formulas and are called Chorin's estimator for E[g((/)}. In order to see the standard deviation of Chorin's estimator, let us define the remainder (6-7) rp(u) = g(u)-E amHm(u).
Maltz and Hitzl [17] have shown that Chorin's estimator has the following standard deviation:
where o2 is the variance of a* in with N = 1, i.e., the single sample variance for the Monte-Carlo estimate of am. Note that für ||2 and a¿ are complementary in the sense that as |p| increases the former goes up while the latter goes down. For each TV, an optimum p could be determined. See Maltz and Hitzl [17] for a detailed discussion. Partial Variance Reduction. Let <j> be a sufficiently smooth function. We implement Chorin's variance reduction technique to evaluate the expectation E[<f>(Xln))] where X("> is a numerical solution of the ¿/-dimensional version of (2-1). Replace AW*"' by ïfha("); then the methods that we consider in this paper have the form (6) (7) (8) (9) x("+1>= X(n) + v/Äa(B) + A¥(n).
We note that ß(n) is included in ^<n) except in Euler's method, so that X'"', thus <f>(X(">), is a function of the n pairs of Äd-valued Gaussian random variables ot(*\ ß(*\ 0 < k < n, since we implement the scheme (6-9) n + 1 times. That is, 4>(X( Note the independence between a(k) and X(A). Taking expectations on both sides of the first equality in (6-11) and summing the results over k from 0 to n, we have
which is equivalent to
Thus we obtain a recursive relation between E[<¡>(X(n))] and £[<i>(X("+1))]. From the second equality of (6-11) we see that for each fixed k, a(k) plays a leading role in determining $(/°. By a similar argument, following (6-10), one can easily see that a(0) + ... +a(A:_1) plays a major role in determining <f>y(X(A)) and <bJk(X(k)).
Hence we have the following Strategy (S): We evaluate the expectation E[(j>(X("))] by applying Chorin's estimator 6) to evaluate E[<b°']] in (6-13) with respect to a'"1 and (a<0) + ... +a('Oy y^ (normalized N(0, Id)), where $<n> is computed according to the first equality in (6) (7) (8) (9) (10) (11) , and adding the result to the estimate of £[^(X("')] obtained from the previous time step.
To see how the standard deviation, at each time step, of the estimate in Strategy (S) will accumulate, and whether this accumulation will destroy the accuracy of the variance reduction, we need the following lemma. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for some p, where r is defined similar to (6-7), with g = G(A), and where we suppress the dependence of rm on k. Let the maximum of (6-14) over k be SD</C||) for some k0; then by the lemma we have the bound n ■ hSDiko) = tn • SD(A,>) for the estimate in Strategy (S). Hence we have Theorem 3. The standard deviation of the estimator in Strategy (S) for evaluating E[<j>(X(n))] with N samplings is of the form (6-8), which is proportional to tn at the nth step, i.e., the piecewise application of Chorin's variance reduction technique to each summand in (6-12), produces a standard deviation as in (6-8).
7. Numerical Implementation. In order to compare their accuracy, we implement the schemes (E) and (S) given in the introduction. We present two two-dimensional examples: one is a linear equation, and the other is nonlinear. Recall that we assumed boundedness on f and its first few partial derivatives in Theorems 1 and 2. However, it is clear that these theorems still hold if f satisfies a Lipschitz condition and all the expectations appearing in the proofs are uniformly bounded in the L2 sense. Our first test equation satisfies this less restricted condition, while it is also interesting to observe the numerical results for the second test equation.
As in (6-9), for each time step, we set AW = {ha.. To simulate the Gaussian random variables a and ß in Euler's method and Scheme (S), we write which, for each fixed t, is a Gaussian random variable with mean 0 and variance 1 -exp(-2r). In this example, we evaluate numerically £[cos(A"(/) + X2(t))} = exp(Kl -e~2')).
The second computational example is the 2 X 2 system of nonlinear equations dXx = \e~fX, + x2)dt + dW1, dX2 = \e-iX' + x2)dt + dW;
with the zero initial data ^'(0) = A'2(0) = 0. By a calculation we obtain e(X'(l) + X2(')) = e(W;+W,2)l-i + /"'e-(»í+»>?)áy|.
In this example, we evaluate numerically ,(Xl(t) + X2(t)) 2e'-1.
For each scheme we compute the expectations in two ways: (i) the usual Monte-Carlo estimator, and (ii) Chorin's estimator in Strategy (S) of Section 6. The errors depend on the time stepsize Ai and the number of simulations, N, for which we use 10000. Tables 7.1-7.3 Numerical results for E[cos(Xl(t) + X2(t))], errors/standard deviations are in exponential form. 9.17-3/1.02-2 3.14-4/1.20-3 Table 7 .5
Example 2: t = 0.4 N = 10,000 T = 1.9836
